A TRANSFERENCE RESULT OF THE LP CONTINUITY 
OF THE JACOBI RIESZ TRANSFORM TO THE 
GAUSSIAN AND LAGUERRE RIESZ TRANSFORMS. 



EDUARD NAVAS AND WILFREDO O. URBINA 



Abstract. In this paper using the well known asymptotic relations 
between Jacobi polynomials and Hermite and Laguerre polynomials, 
we develop a transference method to obtain the L^'-continuity of the 
Gaussian-Riesz transform and the L^'-continuity of the Laguerre-Riesz 
transform from the L^'-continuity of the Jacobi-Riesz transform, in di- 
mension one. 



Dedicated to professor Calixto P. Calderon with deep admiration. 

1. Preliminaries 

In the theory of classical orthogonal polynomials, it is well know the asymp- 
totic relations between Jacobi polynomials and Hermite and Laguerre poly- 
nomials. Base in those asymptotic relations we develop a transference 
method to obtain L^-continuity for the Gaussian-Riesz transform and the 
L'^^-continuity of the Laguerre-Riesz transform from the L^-continuity of the 
Jacobi-Riesz transform, in dimension one. 

For all the classical polynomials we are going to use the normalizations given 
in G. Sego's book [22j. 

• Jacobi polynomials: For a, (3 > —1, the Jacobi polynomials {-Pn°'^^}neN 
are defined as the orthogonal polynomials associated with the Jacobi 
measure Ha,/3 (or beta measure) in (—1, 1), defined as 

(LI) /ia,/3(dx) = a;a,/3(x)dx = X(-i,i) {x) 2^+^+1^(0 + 1/3 + 1) 



Va,l3X{~l,l){x){l - X)°(l + X 



where r]a,l3 — 2a+/3+lB{a+l,/3+l) ~ 2«+/3+ir(a+i)r{/3+i) • 

The function Wq,^/3 is called the (normalized) Jacobi weight. 

The Jacobi polynomials can be obtained from the canonical basis 
of the polynomials {1, x, x^, • • • , x", • • • } using the Gram-Schmidt or- 
thogonalization process with respect to the inner product in L'^{fia,fs). 
Thus we have the orthogonality property of Jacobi polynomials with 
respect to fJ-a,i3, 

(1.2) r Pt^Hy)Pt^Hy) f^aAdy) = Va,pht^^6n,m = hj'"'^^ Sn,m, 
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(1.3) 



n, m = 0, 1, 2 



• , where 

2a+/3+l 



r (n + a + 1) r (n + /3 + 1) 



and 



(2n + a + /3 + 1) r (n + 1) r (n + a + /3 + 1) ' 

1 r(a + /3 + 2)r(n + a + l)r(n + /3 + l) 

(2n + a + ^ + 1) r(a + l)r(/3 + l)r (n + 1) T (n + a + /3 + 1) 

~ ll-^n \\2,{a,l3)- 

Moreover, 

2 



p(a+l,/3+l) 
1 



2,(a+l,/3+l) 

r(a + /3 + 4)r (n + a + 1) r (n + /3 + 1) 



(1.4) 



(2n + a + /3 + 1) T{a + 2)r(/3 + 2)r (n) T (n + a + /3 + 2) 

(a + /3 + 3)(a + /3 + 2)n 
(a + l)(/3 + l)(n + a + /3 + l) 

r(a + /3 + 2)r (n + g + 1) r (n + /3 + 1) 

^ (2n + a + /3 + l)r(a + l)r(/3 + l)r (n + 1) T (n + a + /3 + 1) 



2 

2,(a,/3) 



(« + /3 + 3)(a + /3 + 2)n 
(a + l)(/3 + l)(n + a + /3 + l) 

Now using the generaUzed Rodrigues' formula, Szego {22j,(4.10.1), 
for m = 1, we get 



(1.5) 
d 



^ {(1 - x)°+i(l + x)'3+ip^^t''^^'^ (^)} = -2^(1 - x)°(l + x)'5pi°'^) (x) 



(1.6) 



(1.7) 



On the other hand, the Jacobi polynomial Pn"'^'^ is a polynomial 
solution of the Jacobi differential equation, with parameters a, /3, n, 

(l - x^) y" + [/3 - a - (a + /3 + 2) x] y' + n (n + a + /3 + 1) y = 0, 

i. e. P^'^^ is an eigenfunction of the (one-dimensional) second order 
diffusion operator 



= (1 



d 

^^):r^ + {1^ - a - {a + 13 + 2)x) — , 
ax^ dx 



associated with the eigenvalue — 



a+l3 



n{n + a + P + 1). C 



a,l3 



IS 



called the Jacobi differential operator . 

The operator semigroup associated to the Jacobi polynomials is 
defined for positive or bounded measurable Borel functions of (— 1, 1), 



(1.8) 



as 



where 



p''^''{t,x,y) = J2 



-k{k+Q+l3+l)t 



hk 
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The explicit representation of p°''^{t,x,y) is very complicated since 
the eigenvalues A„ are not linearly distributed and was obtained by 
G. Gasper f5]. It is an analog of Bailey's -F4 representation for what 
is usually called the Jacobi- Poisson integral, see [2j . Considering the 
case Prom that form, taking x = —y = 1, it can be proved that 
p"''^{t, X, y) is a positive kernel for any x G (—1,1). 

|j,a,/3| galled the Jacobi semigroup and can be proved that is a 
Markov semigroup, for details see ^24j . 

The Jacobi-Poisson semigroup {P"'^} can be defined, using Bochner's 
subordination formula, 

_xi/2, 1 /""^ e-" _Ati , 
e = —= / —;=e 4u du. 

as the subordinated semigroup of the Jacobi semigroup. 



1 poo —u 



For a function / € 1] ^ I^{a,i3)) l^t us consider its Fourier- 

Jacobi expansion 

00 /f p{"./5)\ , 

A:=0 n-fc 

where 

Then, the action of Tt and Pj can be expressed as 

00 /f p("./3)\ 

^* J ~ " (q,/3) ^ ^fc 

A:=0 n-fe 

and 

A:=0 Ilk 

Following the classical case, see [16], the Jacobi-Riesz transform can 
be define formally as 

(1.10) R''^^ = yr3^A(£"./3)-i/2^ 

ax 

where (£"'^)~'^/2 ig the Jacobi-Riesz potential of order u/2. (£°'/')~'^/2 
can be represented as 

1 

and then for f £ L'^ ([-1, 1] , fJ'(a,i3)) > (£"'^)"'^/2/ has Jacobi expan- 
sion 

(1.11) (£"''^)-^/V(x) = Y: ^ ' 



00 



fc=0 /^A: 
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Now, since 

d_ (^)| ^ (^ + « + /^ + l) p(^+W (,) , 

see Szego [22], (4. 21. 7), and using (jl.lip we get that the Jacobi-Riesz 
transform for / € 1] has Jacobi expansion 

(1,12) 

fc = l /ifc 

where = k{k + a + /3 + 1). 

In particular, the Gegenbauer polynomials {C^}, A > —1/2 are 
defined as 

(113) C'(x) - r(A + l/2)r(n + 2A) 

(l.i^j - r(2A)r(n + A + l/2)^" ^"^^^ 

Gegenbauer polynomials are orthogonal with respect to the Gegen- 
bauer measure, fix in (—1,1), defined as, 

fi,{dx) = u:,ix)dx = X(-i.i)(^) ,,,|3^f ^wLi2 (l - + ^)'~'^'dx 

2^-^ [r(A + 1/2)J 

(1.14) = _ a:r-'/'dx, 

by Legendre's duplication formula, see [T] page 22. 

Taking a = /3 = A— l/2in ()1.4p . then from (jl.l3p we have, 
||^A||2 ^ [r(A + 1/2)]^ [r(n + 2A)]^ r(2A + 1) [r(n + A + 1/2)]^ 

II nll2,A [r(2A)]^[r(n + A + l/2)]^(2n + 2A)[r(A + l/2)]^r(n+l)r(n + 2A) 
r(2A + l)r(n + 2A) Ar(n + 2A) 



[r(2A)]2 2(n + A)n! r(2A)(n + A)n! 

(1.15) 

Taking a = j3 = X - 1/2, in ([13]), we get 

d 



r(A + 3/2)r(n- 

1 

r(2A + 2)r(n + 

(2A + l)(n + 2A),^ _ ^{n + 2X) 



r(A + 3/2)r(n + 2A + 1) r(2A)r(n + A + 1/2) _ 2^A-l/2^A 
r(2A + 2)r(n + A + 1/2) r(A + l/2)r(n + 2A) ' ^-^^ 



(2A + 1)(2A) ^ ^ ^ 2A ^ ^ ^ 

(1.16) 

Now, for / G ([— 1, 1] , fix), from (jl.l2p we get that its Gegenbauer- 
Riesz transform will have the expansion 

(1.17) R'f{x) = \f^{f,Cl)d^\^f''V^^Cl^J,{xl 

k=l 

whprP - 4r(2A)(fc+A)r(fc+l) 

Where d^. r{k+2\+i) • 



-'n,Tni 
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The L^-continuity of the Riesz- Jacobi transform i?"'^ , was proved 
by Zh. Li [8] and L. Caffarelh [3] in the case d = 1. In the case d > 1 

Rf'^, i =, • ■ ■ ^d, are defined analogously, using partial differentia- 
tion in (jl.lOp . and their L^-continuity was proved by A. Nowak and 
P. Sjogren, [15j Theorem 5.1. 

Theorem 1.1. Assume that 1 < p < oo and a, (3 £ [— l/2,oo)'^. 
There exists a constant Cp such that 

(1-18) \\Rt'^f\\p,ia,^)<Cp\\f\Ua,P)- 

for all i = 1, ■ ■ ■ ,d. 

For the particular case of the Gegenbauer polynomials this result 
was obtained in the one dimensional case by B. Muckenhoupt and 
E. Stein in their seminal paper of 1965, |13] . 

• Hermite polynomials: The Hermite polynomials {Hn}n, are defined 
as the orthogonal polynomials associated with the Gaussian measure 

in M, ^{dx) = ^-^dx, i.e. 

/oo 
Hn{y)H,n{y)l{dy) = rn\5^ 
'OO 

n, m = 0, 1, 2, • • • , with the normalization 

(1.20) i/2n+l(0)=0, F2„(0) = (-1)"^. 

n! 

We have 

(1.21) <(x) = 2nHn-i{x), 

(1.22) hI{x) - 2xH'^{x) + 2nHnix)=0, 

thus Hn is an eigenfunction of the one dimensional Ornstein- Uhlenheck 
operator or harmonic oscillator operator, 

1 d'^ d 

associated with the eigenvalue = —n. 

The Gaussian- Riesz transform can be defined formally, see |16] . 

as 

(1.24) R^ = A(_L)-V2. 

dx 

Therefore, for f £ L'^ (M, 7) with Hermite expansion 

^ _ (/, Hk) ^ 
J - 2^ 2kk\ 

k=l 

its Gaussian-Riesz transform has Hermite expansion 

(1.25) Ry{x) = f; ^A^V2kHk-i{x). 

k=l 

The continuity of the of the Gaussian-Riesz transform was proved 
by B. Muckenhoupt [TT] in 1969, in the case d = 1. In the case d > 1 
R'- , i =,■ ■ ■ ,d, are defined analogously, using partial differentiation 
in (ll.24p . and their continuity has been proved by very different 
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ways, using analytic and probabilistic tools, by P. A. Meyer [10], R. 
Gundy [6], S. Perez and F. Soria [17J, G. Pissier [18j, C. Gutierrez 
[7] and W. Urbina [23j. 

Theorem 1.2. Assume that 1 < p < oo. There exists a constant Cp 
such that 

(1-26) \\Rlf\k, < Cpll/IU- 

for all i = 1, ■ ■ ■ ,d. 

• Laguerre polynomials: For a > —1, the Laguerre polynomials {L'^} 
are defined as the orthogonal polynomials associated with the Gamma 
measure on (0,oo), = X(o,oo)(a;)^p^dx, i.e. 

(1-27) 1^°^ L^ML'^n{y)f^a{dy) = = ^f^^f^^rn, 

n, m = 0, 1, 2, • • • We have 

(1.28) (L^(x))' = -L-+i(x). 

(1.29) x{LUx))" + (a + 1 - xKLtix))' + kLl{x) = 0. 

thus is an eigenfunction of the (one-dimensional) Laguerre dif- 
ferential operator 

^„ , . d 

C = x—r + [a + 1 - x) — , 
ax'^ ax 

associated with the eigenvalue = —k 

The Laguerre- Riesz transform can be defined formally, see ^16j , as 

(1.30) = V^-^(£")-i/2_ 

dx 

Therefore for f ^ L^ ((0, oo), /i^) with Laguerre expansion 

r(a + l)fc! 
^-Z.r(fc + a + l)^-^'^'=^^^' 

its Laguerre-Riesz transform has Laguerre expansion 

(1.31) i?"/(x) = -f; r^f/^yi) iVk)-'V^{f,Lt)L-,+lix). 

The LP continuity of the Laguerre-Riesz transform was proved 
by B. Muckenhoupt [12], for the case d = 1. In the case d > 1 
Rf, i =,■ ■ ■ ,d, are defined analogously, using partial differentiation 
in ()1.30p . and their L^ continuity was proved by A. Nowak using 
Littlewood-Paley theory. 

Theorem 1.3. Assume that 1 < p < co and a G [— l/2,oo)'^. There 
exists a constant Cp such that 

(1-32) \\R?f\\p,a < Cp||/||p,a. 

for all i = 1, ■ ■ ■ , d,. 

• Finally, the asymptotic relations between Jacobi polynomials and 
other classical orthogonal polynomials (see [22], (5.3.4) and (5.6.3)) 
are the following 
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i) With Hermite polynomials, 

(1.33) lim A-"/2c^(x/VA) = 
A->oo n! 

ii) With Laguerre polynomials, 

(1.34) lim P^^)(l - 2x/l3) = L^{x). 

/3->oo 

Both relations holds uniformly in every closed interval of M. 

We want to thank Professor Luis A. Caffarelli to share with us the idea that 
such transferences between the Jacobi case and the Hermite and Laguerre 
cases should be possible. 

2. Main Results 

We we want to obtain the L^-continuity for the Gaussian-Riesz transform 
and for the L^-continuity of the Laguerre-Riesz transform from the L^- 
continuity of the Jacobi- Riesz transform, using a transference method based 
on the asymptotic relations between Jacobi polynomials and Hermite and 
Laguerre polynomials. 

We will start considering the case p = 2; more precisely we want to prove 
Theorem 2.1. The Lp'{iXa^p) houndedness for the Jacobi-Riesz transform 

(2-1) l|i?"'''/ll2,K/3)<^^2||/||2,(a,^) 
implies 

i) the (7) houndedness for the Gaussian-Riesz transform 

(2.2) \\RVh,,<C2\\fh,,. 
and 

ii) the L'^{iJ,a) houndedness for the Laguerre-Riesz transform 

(2.3) P"/||2,a<C2||/||2,a. 

For the proof of this we will need the following technical result, 
Proposition 2.1. (norm relations) 

i) Let f G L^(R,7) and define f\{x) = f{V\x)l^_i^ij{x), then fx £ 
L2([-1,1],/xa) and 

(2.4) hm ||/a||2,a = 11/112,7 

A— ^-oo 

ii) Let f e L^(M, yUa) and define fp{x) = f ^§(1 — x)^ l[_i_i](x), then 
fn G L2([-1, l],//(^^^)) and 

(2.5) ^lim ||/^||2,(«,^) = ||/||2,a 

Proof 

i) First let us prove that fx G L^([— I, 1],/xa). For x G [—1, 1], 

(2.6) (1 - x2)^-V2 < e-^^'e^ < e'^'e^ . 
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Then, 



22A [r(A + l/2)]^ 



1 



r(2A + i) |^(^^)|2^-A.^^^^ 



-1 



[r (A + 1/2) 

Now, making the change of variable u = ^/Xx, we have 
- ^^^^ + ^) ■l'\f{VXx)\'e-'^'dx 

1 r(2A + i) 



62 ■ 



22A [r(A + l/2)]^ 



^/A22A [r (A + l/2)Y 



oo 
oo 



< ^ r(2A + l) I |^(^)|2^-n^^^ 

- \/A22A [r (A + l/2)]2 ' ^' 



oo 



1 r(2A + i)V^ ,,„,,2 



VA22A [r(A + l/2)]2'""''^ 

as / G L2(M,7). Therefore fx G L2([-1, 1], ^;,). 
On the other hand, using Legendre's duphcation formula. 



1 



Making the change of variable x = -7=, we get 

V A 

2 A[r(A)]^22^ f^if ( y ^|2n y%A-i/2^y 

Now, observe that 



A— >oo 

Set, for all y G 

(JL]Y (^ _^^A-i/2 



5(2/,A) = lf_^,^](y) (/A(-^)y(l 



then clearly 

thus by (|2.6p we get 



hm A) = {f{y)re 

A— ^-oo 



l5(2/,A)| = lj_^_^,(y)(/,(-^)y(l-^)A-i/2 

< e-^' = (/(y))2 e-^^lj_^^^j(y) < (/(y))2e-^^ 
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Then, for / G L^(]R,7), by the dominated convergence theorem, we have 

/OO 2 /* OO 

-OO VA L ' J A J_ooA-^oo 



On the other hand, using the identity 

hm z° = 1 

2-)-oo r(z + h) 

and Legendre's duphcation formula, we get, 
hm — r^- ^— — - = hm 



OO 



{f{y)fe-y dy. 



A-.0O AV227rr (2A) A->oo 27r(27r)-V222A-i/2r (^) T (A + i) AV2 

= >m ^i.^ A-v^r(A + i) ^j_ 

A->oo AV20Fr (A + ^) A->oo ^r(A + i) Vt?' 

Then, 

A^co"""^.^ A-^oo 2)rr(2A) i_VA VA a' v/A 

= — / |/(y)|2e-^'^dy=||/|||^. 

ii) For the Laguerre case we have. 



and using the change of variable x = 1 — ^ 



2a+^+ir(a + l)r(;3 + 1) 

13 



r(a + /3 + 2) /"^ 

3 + 1) 

r(a + ^ + 2) /-^ 



r(a + i)r(;3 + 7o 

Then 

r(a + /3 + 2) /"^ / 



r(a + i)r(/3 + 



r(/3 + i)/3"+i 

as f e L'^(R,Ha), and therefore G L2([-1, 



10 EDUARD NAVAS AND WILFREDO O. URBINA 

On the other hand, making the change of variable x = 1 — ^ 



WfW' - r(a + /3 + 2) 2 (2yy 2^y 2y^ 

ll//3ll2,K/3) 2"+/3+ir(a + l)r(/3 + 1) /3 io \p) \ H P' 
r(^+(a + 2)) / y^^,n 2y.|2, , , , 

Now, for /3 big enough, 
and therefore 

for /3 big enough. Observe that, 



so let 

then 
but as 



lim /^(l - ^) = lim /(y)l[o,/3] (y) = /(y), 



hm s(y,/3) = y°e-^|/(y)|^ 

/3->oo 



then, by the dominated convergent theorem, we get 
hm Ty" (l-iy 1/^(1 = lim r s{y,^)dy 



oo 



y'^e-y\f{y)\'dy. 



Then 



1 1"^ 



/3— >oo 

The next result is analogous to the previous one b ut re fer to the inner 
product and it will be crucial in the proof of Theorem 12.11 

Proposition 2.2. (inner product relations) With the same notation as in 
Lemma \2. 11 

i) Let f G L2(M,7), then 

(2.8) lim(A,A-'=/2C7,^) = (/,^) 

ii) Let f E L^(M, /Uq,), then 



(2.9) lim(/^,P^^)) = (/,L^) 

Proof 
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i) Let us prove first that 



11 



(2.10) 



lim 

A— >-oo 



2 

2,A 



2,7 



In fact, given that, 



27rr(2A) ^^-y) + ^ ^'^W ^[-^'^l-^' 



by Fatou's lemma we get 

2 



2^r(2A) y_^l^^^7X^ + ^ '''^^TXV ^ A^ 



< lim 
A->oo 



thus 



Hu 



2,7 



< lim 

A— >oo 



/a + A-^/^Cfc^ 



2,A 



On the other hand, let 

,2Axl/2 



G(y,A) = 



/Ai/2 [r(A)]2 22 



I 27rr (2A) 
Clearly G G L2(R, 7), and moreover 

1 



\ ' / \ 2 



lim G{y,\) -- 



Then, 



fx + X-^/^C^ 



2,A 



00 
00 



27rr(2A) V^'^7I^ + ^ ^^^TIV ^ 'l[-VA,VA]^y 

/oo „,2 roo 

{G{y,X)f{l-\)^dy< / (G(y,A)f e-^dy = V^||G'(-,A)||J 
-00 ^ J— 00 

Then by the continuity of the norm 



1 2,7 ■ 



lim 

A—)- 00 



/a + A-'^/^C,^ 



2,A 



< lim V^\\G{;X)\\l=y^ 



A— ^-oo 



lim G(-,A) 

A^oo 



2,7 



TT 



1/4 



Therefore 



lim 

A->oo 



fx + X-^/^C^ 



2,A 





2 


) 


2,7 


Hk 


2 


k\ 


2,7 



2,7 



12 



EDUARD NAVAS AND WILFREDO O. URBINA 

and analogously, 



lim 

A— >-oo 



fx - X-'/'C^ 



2 

2,A 



/- 



k\ 



2,7 



Then using the polarization formula, 



lim (A, \-^'^Ct) 

A— >-oo 



lim — 

A->oo 4 



fx + X-'/^C^ 



2,A 







2 


. Hk 


2 






2,7 




2,7. 



fx - X-'/'C^ 



If ^) 



2,A 



(2.11) 



ii) Analogously as in part i), let us prove first that 

K/3) ^ _ II , rail2 



lim 

13^00 



1 



2,(a,/9) 

By Fatou's lemma, we have 

2„.a, 



wf+mia' 



ifiy) + LUy)ry'^e-ydy 



r(a + 1) Jo 

<lim + + , 



2y 



/^(i-^j + p^'^^a- 



13' 



i[o,/3](y)yMi 



/3 



Then, 



Il/ + ^?ll2,a< lim 



2 

2,(a,/3) 



On the other hand, set 



Siy,f3) 



r{/3+{a + 2)) \ 



1/2 



/3°+2r(a + i)r(;3) y 

It is clear that S G L^{R,iJ.a), and moreover 

1 \ V2 



(Mi-|) + Pr'(i-|))i,o,«W. 



lim SCy,^) 
a->oo 



r(a + 1) 



(/(y) + L^(y)), 



Now, 



f0 + P^ 



"2,(0,/; 
r(/3 + (a + 2)) 

/?"+2r(« + i)r(/3) 



i[o,/3]?/" ( 1 - I ) rfy 



Jo 



iSiy,P)fy'^{l-^\ dy< I ^))^ y^e'^dy = r(a + 1) 



13 



2„.a, 



and by the continuity of the L^-norm 



lim r(a + l)||5(- 



'^yil2,a 



r(a + i) 



lim S{;P) 



2,a 
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Thus, 



lim 



Therefore, 



< Km r(a + l)||5(-,;3)|||, = r(a + l) 
= r(a + l)||5(.,/3)|||„ = ||/ + L^|||,. 



2,a 



and analogously. 



2,(«„ 



11/ + ^ 



2 

ll2,o ' 



lim /« - P. 
Then by the polarization formula. 



/3— >-oo 



lim — 

13-^00 4 

1 

4 



(",/9) 



Wf-L 



2,(a,/3) 



a||2 
A; ll2,o 



+ -'^fc II2,. 



k II2,, 



2,(a,/3) 



We are ready to prove Theorem \2.\\ 
Proof 

First of all let us observe that by Parseval's identity, for / G ([— 1, 1] , 



2,(a,/3) 



El 

k=l 



4Ai 



(a+1,/3+1) 



2 

2,(«„ 



Since, 



2,(a,/3) 

4(a + l)(/3 + l) 



2a+/3+3(c, + ^ + 3)(« + ^ + 2)S(a + 2, /3 + 2) 



1 



4(a + l)(/3 + l) 
(a + /3 + 3)(a + /3 + 2) 



4/c 



2,(a+i,/3+i) (A; + a + /3 + 1) 



(",/3) 



2 

2,(a,/3) 



we get, 



2,(a,/3) 



E 



an^"'^\2 (A: + « + /3 + l)^ 



4A; 



^ ' r ' 4A;(A; + a + /3 + l)(fc + Q + /3 + l) 



2,(a,/3) 



(a,/3)\|2 



fc=l 



(2A; + a + /3 + l)r(Q + l)r(/3 + l)r(/c + l)r(A; + a + /3 + I) 
r(a + /3 + 2)r(/c + a + l)T{k + /3 + 1) 
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i) Now, for the Gegenbauer case, a = P = X — 1/2, we have 



2 

2,A 



^ , (2fc + 2A) [r(A + i/2)f rjk + i)r(fc + 2A) 

'''^ r(2A + l)[r(A; + A + l/2)]2 



fe=i 



[r(2A)]'[r(fc + A + i/2)]' 
[r(A + i/2)]'[r(fe + 2A)]' 



Y-uf ^Au2 2(fc + A) [r(2A)]^r(fc + i) 

fc/l r(2A + l)r(A: + A + l/2) 



k=l 
oo 



^ ^,,„ (fc + A)r(2A)r(fe + i) _ ^ (fe + x)k\ 

Ar(A; + 2A) -2^K/'^fc)l 



fc=i 

oo 



k=l 



A(2A)fc 



> 



(f + l)fc! 



fc=i 

Then, we conclude that 



2^(2 + 1/A)(2 + 2/A) ...{2 + {k- 1)/A) ' 



k=l 



2V^(2 + i)(2 + f)...(2+(^; 



< 



2,A 



11^^/11 



On the other hand, again using Parseval's identity, we have that 
the L^-norm of the Gaussian Riesz transform for / G (M, 7) is 
given by 

Now, since fx{x) = /(\/Ax)1[_i 1] (x) taking A — >• cx) in (j2.12p and 
using the asymptotic relation (|1.33p . we get 

a + i)k\ 



2,7 



—p^ lim 

^/^^^-frt2V^(2 + i)(2 + |)...(2 + 



A 



< ^ lim \\R^h 



Vr A— !>oo 



|2 

l2,A 



Therefore, using Theorem II . II and Proposition 12 . II i) . we get 

2 



11^^/11^ 



< lim 



R^fx 



<C2 lim \\fx\\l, = C2\\f\\l^. 

2, A A— >-oo ' ' ' 



ii) Observe that 

fc=i 

But since 



/•c 
JO 



fc[r(A: + Q + 1)]2 
dx 



r(fc + a + l) 
(A:-l)!r(a + l)' 



_r(a + 2) T{k + a + l) 
r(a + 1) ~ r(a + l) (/c- l)!r(a + 2) 
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then 



2,a 



E 

k=l 

oo 

E 

k=l 



[T{a + l)k\m,Lt)\' Tik + a + 1) 



A;[r(A; + Q + 1)]2 (A; - l)!r(Q + 1) 

kl 



r(a + l)A;!|(/,L"\|2 



r(A; + a + l) 



Therefore 



2,« - 

' k=l 



T{a + l)k\\{fp,P, 
r(A; + a + 1) 



(a./3)\|2 



where, as before f^{x) = f — x) j Now, for /3 big 

enough 



r(/3 + (fc + g + 1)) 
r(/3 + (A: + l))/3- 
then 



~ 1 



and 



r(/3 + i) 



r(/3 + (a + 2))/3- 



~ 1 

-a-l — ' 



{",/9)\i2 r(a + l)k\ 



Yl " r(fe + a + l) 

(»,;3),|2 r(a + l)fc! r(/3 + (fc + g + 1)) r(/3 + 1) 
fc /I Y{k + a + l) r(/3 + (A: + l))/3" r(/3 + a + 2)/3-"-i 



fc=i 



A;=l 

oo 



<Vl/f |2 (2fc + g + ^ + l)fc!r(a + l)r(/3 + l)r(fc + /? + g + 1) 

-Z^K//3, /I r(/3 + g + 2)r(A: + g + l)r(fe + /3 + 1) 



A;=l 

for /3 big enough. Thus 

,{",/3)\i2 r(g + 1)A;! 



(2.12) \iU^Pk)\' 



k=l 



T{k + a + l) 



< 



2,(a,/3) 



for /3 big enough. Now, taking /3 — )■ oo and using the asymptotic 
relation (fOij) in (l2l^ we get, 



hm > 

^ A:=l 



T{a + l)k\\{fp,P', 
T{k + a + l) 



{"./3)\|2 



< hm llR^'^'^^fB 



2,{«„ 



\\RV\\ 



Therefore, using Theorem 11.11 and Proposition 12 . 1 1 ii) . we get 

2 



/3— ^oo 



< Ca hm 

2,(a,/3) A-5>oo 



2 

2,(a,/: 



Now we are going to consider the general case p ^ 2. For the proof we will 
follow the argument given by Betancour et al in [3j. 

Theorem 2.2. Let g,/3 > —1 and 1 < p < oo, then the LP{fia,i3) bounded- 
ness for the Jacobi-Riesz transform 

(2.13) < 

implies 
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i) the LP {'^)-houndedness for the Gaussian- Riesz transform 

(2.14) PVIU < Cpll/IU- 

and 

ii) the LP{iJLa)-boundedness for the Laguerre-Riesz transform 

(2-15) < Cp||/||p,a. 

Proof 

i) Assume that the operator i?^ is bounded in ([— 1, l]/x;^). Let (f) G 
Co°(M), for each A > define the function 

(j)x{x) = 4>{V\x), 

X G M. For A big enough sop(j)\ is contained in [—1, 1]. In what follows A 
will be taken satisfying that condition. 

Now, from the boundedness of we have 
in other words, 



n=l 



•\\\LP{[-l,l]fix)^ 



Lp([-1,1]ma) 

Where ri'^ = di'^n'/'^, = n{n + 2A) and di'^ = ^"^^r^SlSr'^ " 



Making the change of variable x = ^ and taking Z{X) = — 27rr(2A) — 
get 



Z{X){l-y-)'-'/'dy 



1/p 



'X\\Lp{[-1,1]h),), 



and therefore, 



-Vx 



E^A(n)rW 1-^) e'-^C::lli^: 



n=l 



i/p 



-v/tt 



■dy 



On the other hand, we also have 



Va 



X]^(n)rW(l- 



n=l 



2 X A/2-1/4+1/2 2 



1/2 



-v/tt 



<C(Z(A))-i/2||</,,||^2([_i,i]^^). 
Define, for every G N and every A > such that \fX > k 



Fx,k{y) 



2^ A/2-1/4+1/2 2^ ^ , , , 

6 2 if < A; 



if |y| > A;, 
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and 

, . EMn)ri'^C^^li^,)(l-i) e-y if \y\ < k 

fx,k{y) = { n=l ^ ^ 

if \y\ > k. 



Prom the previous inequalities both series converges for aU y G [— \/A, \/A], 
and Fx,k = f\,k^x, where 

for all A; G N and V\ > k. Moreover 

A/2-A/p-l/4+l/2p 

A 



\^x{y)\ = e^-rii-y- 



< g^-^ g-^(A/2-A/p-l/4+l/2p) ^ gJ/^(^-2^)_ 



A-1/2 



1/p 



Therefore, if p < 2 we have, \Qx{y)\ < 1 and for p > 2, |J^A(y)| < e'^^^^A 2pa). 
Thus ri;^ is bounded in [—k, k]. 
Now 

(^(A)r/^ii<^AiiM[-i,iw) = (^(^))"'^'{/_J'^^(^)i"^S^(i^(i-^') 

and therefore, by the change of variable x = we get 



(2.16) < C^'^|<^(y)r^dj/| 



i/p 



and then, 



1/p 



C||?^IIlp(]R,7)- 
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On the other hand, 



|-^A,fc||L2(R,7) = { I \^\,k\ —/^dy 



1/2 

Thus, from (pJ6]) and ^JT}, we have 
Similarly, as 



\\Fx,k\\LPiR,^) = < I iFx^kl^'^dy} ={[ \f^^,nx{yr^dy\ , 



^ J~k V^r 



and using the boundedness of Q.\ in [— /c, k\, we get 



k 



1/p 

(2.18) < ell \f^^,\P^dy\ <C(Z(A))-i/P||</.A||iP([_i,i]^,). 



Then, using (|2J6]) and (l2J8l) we get 

II^A.fcll LP(]R,7) LP(K,7) 

for all \/A > A;. Therefore {-Fa,^} is a bounded sequence in L^(M,7) 
and LP (R, 7) , thus by the Bourbaki-Alaoglu's theorem, there exists an 
increasing sequence {AjjjgN, such that limj_i.oo Aj = 00, and functions G 
(M, 7) and fk G (M, 7) satisfying that 

• F\,k — ^ -Ffc, as j — )• cxD, in the weak topology on (M, 7) 

• Fx,k — ^ /fc, as J — )• 00, in the weak topology on (M, 7) 

Moreover, sopFk U sop/^ C [—A;, A;], and 

(2.19) ||Ffc||L2{R,7) < II^A,,fc||L2(R,7) < C|| </)|| i2(R,^) , 

and 

(2.20) IIMIlp{R,7) < C||</.||iP(M,^). 

Observe that, by Cauchy-Schwartz, defining for k gN, 



nig) = / 9{x)x[-^k,k]{x)dx, 
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Fk{x)x[~k,k]{x)dx = Tk{Fk) 



lim Tk{Fx^,k) = lim / Fx^.k{x)x\-k,k]i^)^^ 



Fk{x)dx 



fk{x)xi-k,k](^)dx = / fk{x)dx; 

i.e., Ffc = /fc a.e {—k, k), for all k so F^ = fk o-e IK- Then from (j2.20p . 
we get 

(2.21) <C||0||iP(K,^), 

and therefore, from (j2.19p and (j2.2ip . there exists an increasing sequence 
{AjjjgN C (0, (X)), with limj^oo = oo,, and a function F £ L/ (W,^) n 
L2 (R, 7) , such that 

• For each k £ N, F\.^k — )■ -F, as j — )• 00, in the weak topology of 
!?■ (M, 7) and in the weak topology of (M, 7), and 

• \\F\\lv{r,^) < C||0|Up(]r,^). 

For each N £ N, k £ N and A such that \/A > k, let us define 

N . 2\V2-l/4+l/2 2 

F^,k{y) = Xi-kMiy)IlMn)ri'^C^ll{^) ( 1 - ^ ) 
and 



A 



2 X A/2-1/4+1/2 



n=Af+l ^ 

Then,F,,, = Fi^, + if{f,. 

Now, we want to prove that for A; G N and A > such that \/A > k 
(2.22) 



K.(?/)r 



TT A* 



uniformly in A. Take k £ N and A > 0; making the change of variable x = ^ 
and using Parseval's identity. 



\HxAy)\ 



< 



dy 



-v^ „=Ar+i VA V ^ 



2x A/2-1/4+1/2 



V 

e 2 



vr 



dy 



n=N+l 



2NA+1/2 



dx 



27rr(2A + 2) ^ 1^, , 

V^(A + l)[r(A + ir22A+2^Z-.^J'^ 



^(A) 



/^A+1 
•-^n-l 



2,(A+1) 
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Using (I1.16|) we have 
2A d 



n{n + 2A) dx 
Now, integrating by parts, we have 



{(1 - x^f^^'^C^ll {x)] = C^^ (x) (1 - x'f-'l\ 



(t>xin) 



A [r(A)]2 [ ^2A ^/(^^)^A+l(^)(i _ ^2)A+l/2^^ 



27rr(2A) ln(n + 2A)y_i 

(2A + 1) X^/^ 
(A + 1) n(n + 2A) 

[ (A + 1) [r(A + 1)1^2^ ^+^ 

^1 27rr(2A + 2) 

(A + 1) n(n + 2A) V ^ ^'^"-V(A+i) 



Then, 



2 e 



dy 



< 



VX 27rr(2A + 2) 

7^(A + l)[r(A + l)]2 22A+2 

(2A + 1)2 A3 



E 



< 



\/A 27rr(2A + 2) 

7^(A + l)[r(A + l)]2 22A+2 



0'(VA•),C„^^^ 



(A+1) 



a 



A+1 
n-1 



2 

2,(A+1) 



(2A + 1)^ 



A3 



^ (A + 1)2 n2(n + 2A)2 

n=N+l ^ ' ^ V I / 



0'(^.),C^n^l' 



(A+1) 



A+1 
»t-l 



2,{A+1) 



Now, using (jl.lSp and that r„ 



(A) _ 2r(2A)(n+A)r(n+l) /^(n+2A) 



r(n+2A+l) 



,(A) 



we get 



^A+l 



2,(A+1) 



.(A) 



r^A+1 



4[r(2A)]"(n + A)=^(n!)2 (n + 2A) 



2,(A+1) 



[r(n + 2A + l)]^ 



n 



2^2 



(A + 1)^ [r(n + 2A + l)]^n- 
^ (2A + 1)2 [r(2A + 1)]^ (n + A)2(n!)2 
4 [r(2A)]^ (n + 2A)(A + ifn (A + l)2(n + 2A)n 



(2A + 1)2 [r(2A + l)]^ 



(2A + 1)2A2 ■ 
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Therefore, 



< 



< 



V\ 27rr(2A + 2) 

7^(A + l)[r(A + l)]2 22A+2 n(n + 2A) 



E 



(A+l) 



E 



but, 



E 

n=l 



VX 27rr(2A + 2) 
7^ (A + 1) [r(A + l)f 22A+2 iV 



0'(^/A.),C„^li) 



(A+l) 













2,(A+1) 



2,(A+1) 
2 



2, (A+l) 

(A + l)[r(A + l)]^22A+2 /■! 



, , C (t>'{^x) ^ (1 - x2)^+V2(^^ 

27rr(2A + 2) J -I 



^rfy = / MM -7^ 

V^r J-k V^r 



< C 



Then, 



I.e., 



■N /,A|2 e 



5,7) 



Thus {ffj^^ljgN is a bounded sequence on L2(M,7), so by Bourbaki- 
Alaoglu's theorem, there exists a sequence (Xj)j^^, linij^oo^j = oo such 
that, for all iV G N, {i^^ gpj converges weakly in (M, 7) to a function 
e (M, 7) . Moreover, 



(2.23) 



00 e^y c 



Then, there exists a non decreasing sequence {Nj)j^f^ such that, 
(2.24) H^^iy)^0, a.e. y G M. 

Defining, for each m G N, F^"" = F—H^""; then since F\^k — ?• -ffc, as j — >■ 00 
in the weak topology of (]^^ ^) and that F^^. = Fx ^ — -ff^^., we have, for 
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all m G N, 

(2.25) F^^J — >Fk""^ weakly in (R, 7) as 3^00. 
Also, from (|2.24p we get that 

(2.26) F^'"{y) — >F{y), as m ^ 00, a.e. y G M. 

To finish the proof of i) we need to prove that F is the Hermite-Riesz trans- 
form of i.e. 



(2.27) F{y) = Y^p{n)^V^Hr.^,{y), 

71=1 

where 

^-^(n) = -= / <t>{y)Hn{y)e-y'dy, 
is the n-th Fourier-Hermite coefficient of (f). Observe that, 



n=l 
N ^ 

A 



^ '^^^^^nV2(n + 2)1/22(2 + i)(2 + f ) . . . (2 + l^) 

/ 2\ A/2+1/4 

(2.28) x2A-^e!(-|)(l-^) 

From the asymptotic relation between Jacobi and Hermite polynomials (ll.33p . 
it is easy to see that 

(n-l) / 



lim A —C^Zi [^] = lim (A + 1) — 1 + - C^^l , , 

Hn-i{y) 

(n-l)! ' 

uniformly in [—A;, A;]. On the other hand, observe 

1 f'^ 1 

lim A-"/20;(n) = / </.(y)i?„(y)e-^'dy = -0^(n). 



Then taking limit as A —t- 00 in (j2.28p we get 

limFf,(y) = yl-p{n)—P^2^^^^^ 
A^oo ^ nV ^ ^nV22i/22'^ (n-l)! 

n=l 
^ ^ 1 

n=l 

Hence, 

(2.29) F^-{y) = Y^^^{n)-—V2^H^.M, 
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and from (12:261) we finally get ([227]), 

°° ^ 1 
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n=l 



ii) The proof of ii) is essentially analogous to i) , so we will give less details 
in this case. Assume that the operator i?"'^ is bounded in L'f {[—1, 
Let (j) G Co°((0, oo)) and /3 > 0, then we have 



where (I>i3{x) = ( ^(1 — x)j , for x G (0, oo), i.e. 
'fp{n) (n + a + /3 + l)V2 



n=l "-n 



2nV2 



i/p 



(1 + 



< C'II</'/3|Ilp([_1,1];.(, 



Now, making the change of variable x = 1 — 



/3° 



A ./>Mn) (n + a + /3 + l)V^ (^+1,^+1) / 



1/2 



i/p 



ydx\ <^ll<^/3llLf([-i,i]M(.,^))' 



and therefore 



' ^ 0^(n) (n + a + /3 + 1)1/2 ^(,+1,^+1) / 2 \ f y\ 

Jo hh^"''^ V 



1/2 



1/2+/3/P 



where Z^,/? = r(a+°)^°+4(/3) ' Analogously we get, 



i/p 



E 



</'/3(n) (n + a + /3 + l)V2 



n=l /in 



n 



1/2 



3{a+l,/3+l) 
n-1 



1/2 



N 1/2+/3/2 



1/2 



Now, for each E N and /3 > 0, such that /3 > k, define the functions 



V ^ Mn) {n + a + P + 1)^' (»+i,ff+i) A 2 \ 

n=l /in VP/ 

.1/2 , y/2+W2 , 
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-X(o,fc)(y)2^-r7^ ;^T75 ^j-i 

n=l /In \ / 



1/2 



1/2+/3/P 



CP . 



From the previous inequalities both series converge for all y € (0,/3), and 
Fi3,k = fi3,k^i3, where 

for all A; e N and /3 > 0. Now as, 

/ \ fij'i-filv 

we conclude that is bounded in (0, A;). On the other hand, 



/3/p 



and making the change of variable x = 1 — we get 



(1 -x)"(l+x)^(ia 



i/p 



•/-Ml - ^y) 



/3 



< 



i/p 



LP((0,Oo),/i<:,)- 



Then, 



LP 



([-l,l],M{<:-,/3)) - '^ll'^lli*'((0,C»),M.)- 



|(/>(y)ry"e-'^dy 

= C'll</'llLP((0,oo),/i„)- 

Moreover, 

(2.30) iZ^,p)-'^^ 
Now, 

ll^/3,fc|lL2((o,oo),^<,) = { r(aVl) Jo 1^/3,^1 Ve"^a!y| 
and therefore, from (j2.30p for p = 2 and (j2.3ip . we get 

ll-^/3,fc||L2((o,oo),/ic) ^ C'll'/'llL2((0,oo),/ic)- 



1/p 



1/2 
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Analogously, using that Up is bounded in (0, /c), 

ll^/3,fellLP((o,oo),M.) = { r(a + l) / l//3,fc^/3(y)IVe"^dy| 

(2-31) < 
Then, from (|230D and (fOT]) . 

l|-^/3,fc||LP((0,oo),/i<,) < C'll'AllLP((0,oo),At<.)' 

for all /3 > fc. Therefore {-F/3,a;} is a bounded subsequence in ((0, oo), /Xq) 
with ((0, oo), /iQ,). Thus by the Bourbaki-Alaoglu's theorem, there exists 
an increasing sequence {/3j}jgN with liuij^oo l^j = co and functions £ 
((0, oo), /ia) and G ((0, oo), /Xq,) satisfying that 

• Fi3,k — ^ -Pfc) as j — )• oo, in the weak topology of ((0, oo), Ha) 

• -P/3,/c — ^ /fc, as j — )• oo, in the weak topology of ((0, oo), ^q). 

Then, as in i), we can conclude that there exists an increasing sequence 
{/3j)jeN C (0, oo) such that limj_>oo = oo, and a function F ^ LP ((0, oo), /iQ,)n 
LP' ((0, oo), fia) , such that 

• for each A: S N, F^.^^ — -F, as j — )• oo, in the weak topology on 

((0, oo), ^q) and in the weak topology on LP ((0, oo), /ia). 

• l|-^llLP((0,oo),Ai„) < C'I|0||lp{{O,oo),m„)- 

For each G N, /c G N and /3 such that (3 > k, let us define 



F0,kiy) = -Xio,k){y) 2^ -j^) ^172 ^n-i y-^y) 

and 



=1 hn 

1/2 . X1/2+/5/2 ^ 



ri,=A+l \ 

Then,F;,,, = F^^, + F^,. 

Again, we want to prove that for A; G N and A > such that \/A > k , 
(2.32) \H^^^^y)\%»e-ydy<-. 
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uniformly in (3. Take A; E N, and /3 such that f3 > k, then using Parseval's 
identity, the change of variable x = 1 — and (|1.4p . 



1 



r(a + i) Jo 

~ r(a + l) 



E 



n) (n + a + /? + 1)^/2 



n=Af+l h 



n 



1/2 



P. 



n-1 

Q + 1 



1-^ 

/5 



2°+/3+3r(Q + 1) 7_i 

/3«+i^(a + 2,/3 + 2) 

r(a + i) 

/3"+iS(a + 2,/3 + 2) 



S(n) (n + a + /3 + l)i/2^(„+i^^+i) 



n=N+l hn 



n 



1/2 



n-1 



X (1 - (1 + x)''^' 



r(a + i) 




n + a + (3 + l) 



n 



p(a+l,/3+l) 



MCa + l./S + l) 



n + a + /3 + 1) 



n 



(a + /3 + 3)(a + /3 + 2)n 
(a + l)(;S + l)(n + a + /3 + l) 



M(c,/3) 



/3"+iS(a + 2,/3 + 2) 



n=Af+l 



n 



(a + /3 + 3)(a + /3 + 2) 



r(a + i) (a + l)(/3 + l) 

Now, integrating by parts and using (jl.Sp 



n 



2°+/5+35(a + l,/? + l)n y_i V2 



x(l-2;)"+i(l + xf+^dx 



>'(f(l-.) 



/3(a + l)(/3 + l) 

2"+/5+3(a + /? + 3)(a + /? + 2)B(a + 2, /3 + 2)n 

^p^a+1,/3+1) _ ^^a+l^^ ^ ^^;3+l^^ 

n(a + /3 + 3)(a + /3 + 2) 



(a+1,/3+1) 



Then, 



1 



r(a + l) 



f\H^^,{y)?y''e-ydy 
Jo 
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r(a + i) 

oo 
n=N+l 



/ (a+1,^+1) 



1 



p(a+l,^+l) 



n(n + a + ^ + l) 



A'(a + l,/3 + l) 



^ /3"+^g(a + 2,/3 + 2) ^ 



/ (a+1,/3+1) 



r(a + i)Ar 



n=iV+l 



n— 1 



M(a+l,^ + l) 



But, making the change of variable y = ^{1 — x), i.e. x = 1 — 



E 

n=Ar+l 



/ (a+1,/3+1) 



< 



5(a + 2,/3 + 2) /3"+2 
1 1 



5(a + 2,/3 + 2) /?«+2 7o 



p(a+l,/3+l) 



r(a + i) 



B{a + 2, /3 + 2)/3°+2 "/^(a+i) ' 



Ik'll 



Then, 



/3"+25(a + 2,^ + 2) r(a + l) 



1)N B{a + 2, 13 + 2)p^+^ 



iV 11*^ IUc«+i) ' 



hence, 



r( 



1 /""^ r* 



2 

M(a+1) 



Therefore, again by Bourbaki-Alaoglu's theorem, there exists a sequence 
with hm^^oo (^j = oo such that, for all G N, {^^/3^ fclieN converges 
weakly in ((0, oo), /Uq) to a function € ((0, oo), /Xq) ■ Moreover, 

C 



(2.33) 



Then, there exists a non decreasing sequence {A'jIjgH such that 
(2.34) 



Hk'{y)^0, a.e. y gM. 

Now, defining, for each m G N, F^"" = F — Hj^"", then since Fp^k — ^ -Ffc, as 
j — >■ oo, in the weak topology of ((0, oo), /lXq,) and thatF^^ = Fj^^k — -ff^^, 
we have that for all m G N, 

(2.35) F^J — ^F^", weakly in ((O,oo),/ia) as j ^ oo. 
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Additionally, from (12 .34^ we have 

(2.36) F^""{y) — >F{y), as m ^ oo, a.e. y G M. 

To finish the proof of ii) we need to prove that F is the Laguerre-Riesz 
transform of (p, i.e. 



(2,37) = ;i!n21±2i5»(„)4^!i;+;(,). 

^(n + a + 1) n^/"^ 

n=l ^ ' 



Prom the asymptotic relation between Jacobi and Laguerre polynomials 
p.34p . it is easy to see that 



lim Fi"_t"+'> (l - = lin, etwfl--^ ^ 

/3->oo " ^ V P J 13^00 ^ V /3 + 1 /3 

On the other hand, 



lim0^(n) = ^iy)L'^{y)y^e-ydy = rin), 

13^00 r(a + 1) Jq 

and 

hm^— = hm^ + ^ + l + lw ^(" + ^) /?°+^r(/3 + l)r(/? + n + a + l) 
;3^oorK/3) /3^oo^/3^/3^ -(n + a + l) r(a + /3 + 2) /3°r(n + /3 + l) 

n!r(Q + 1) 
(n + a + !)■ 

Then, for y G (0, A;) 

N 



n=l /tn \ ' / 

1/2 / X 1/2+/3/2 



N 



•/"/sCn) (f + f + 1 + p(a+l,/3+l) 2 

n-1 

1/2+/3/2 



n=l ftri ^ 



1/2 



,1/2 ii y\ 



^^(n + a + l)"^ (^)^i/2^n-i(y)- 



Thus, 



n=l 

and therefore we get (I2.37p . 

n=l 
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